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, Abstract. Given a branching random walk on a graph, we consider two kinds of truncations: 

bX}' either by inhibiting the reproduction outside a subset of vertices or by aUowing at most m particles 

^ I per vertex. We investigate the convergence of weak and strong critical parameters of these truncated 

. branching random walks to the analogous parameters of the original branching random walk. As a 

corollary, we apply our results to the study of the strong critical parameter of a branching random 
walk restricted to the cluster of a Bernoulli bond percolation. 
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1. Introduction 



^ ■ The BRW is a process which serves as a (rough) model for a population living in a spatially 



structured environment (the vertices of a - possibly oriented ~ graph {X,£{X))), where each 



■ individual lives in a vertex, breeds and dies at random times and each offspring is placed (randomly) 
in one of the neighbouring vertices. There is no bound on the number of individuals allowed per site. 
The vertices may be thought as small ecosystems or squares of soil (with their proximity connections 

\ - the edges) and individuals as animals or plants. Depending on the parameters involved and on 
the nature of (X, iS(X)), the population may face almost sure extinction, global survival (i.e. with 
^ . positive probability at any time there will be at least one individual alive) or local survival (i.e. with 

■ positive probability at arbitrarily large times there will be at least one individual alive in a fixed 
vertex). These matters have been investigated by several authors ([II], [E], [13], [H], [l9], [23] 
only to mention a few, see [15] for more references). 

Let us be more precise as to the definition of the process and of the environment. The graph 
{X^£.{X)) is endowed with a weight function ^ : X ^ X ^ [0,+oo) such that iJ,{x,y) > if and 
only if {x,y) G £{X) (in which case we write x y). We call the couple {X,^) a weighted graph. 
We require that there exists K > such that k{x) := X^ygx y) < K for all x G X (other 
conditions will be stated in Section [2]). 

Given A > 0, the branching random walk (BRW(X) or briefly BRW) is the continuous-time 
Markov process {7?t}t>o, with configuration space N"**", where each existing particle at x has an 
exponential lifespan of parameter 1 and, during its life, breeds at the arrival times of a Poisson 
process of parameter \k{x) and then chooses to send its offspring to y with probability ^(x, y) /k{x) 
(note that {fi{x,y)/k{x))x^yex is the transition matrix of a random walk on X). In the literature 



one usually finds the particular case k{x) = 1 for sdl x £ X (i.e. the breeding rate is constant among 
locations - no place is more fertile than others) or, sometimes, the case where /x = (i-e. the 

breeding rate is proportional to the degree and all edges have the same rate). 

Two critical parameters are associated to the BRW: the weak (or global) survival critical param- 
eter and the strong (or local) survival one A^. They are defined as 

Xyj := inf{A > : P'^-o (3t : r/* = 0) < 1} 

(1-1) 

A, := inf{A > : P-'^o (3t : r/t(xo) = 0, Vt > t) < 1}, 

where xq is a fixed vertex, is the configuration with no particles at all sites and P'^^o is the law of 
the process which starts with one individual in xq. Note that these values do not depend on the 
initial configuration, provided that this configuration is finite (that is, it has only a finite number 
of individuals), nor on the choice of xq. See Section [2] for a discussion on the values of Xw and A^. 

When {X, n) is infinite (and connected), the BRW is, so to speak, unbounded in two respects: the 
environment, since individuals may live at arbitrarily large distance from their ancestors (actually 
n-th generation individuals may live at distance n from the ancestor), and the colonies' size, since an 
arbitrarily large number of individuals may pile up on any vertex. Hence it is natural to consider 
"truncated" BRWs where either space or colonies are bounded, and investigate the relationship 
between these processes and the BRW. Indeed, in the literature one often finds problems tackled 
first in finite or compact spaces and then reached through a "thermodynamical limit" procedure. 
One can see easily that it is possible to construct the BRW either from the process on finite sets 
(spatial truncation) or from the process on infinite space and a bound on the number of particles 
per site (particles truncation). In both cases the truncated process, for any fixed time t, converges 
almost surely to the BRW. 

First we consider "spatially truncated" BRWs. We choose a family of weighted subgraphs 
{{Xn,fJ-n)}nm, such that X„ j X, fin{x,y) < fi{x,y), and fMnix,y) Kx,y) for all x,y. The 
process BRW(X„) can be seen as the BRW(X) with the constraint that reproductions outside X„ 
are deleted and the ones from x to y (x, y in X„) are removed with probability 1 — ij,n{x,y)/ fj,{x,y). 
It is not difficult to see that for any fixed t, as n goes to infinity, the BRW(X„) converges to the 
BRW almost surely. Our first result is that Xs{Xn) ^ Xs{X) (the latter being the strong survival 
critical parameter of the BRW on (X,fi)). Indeed we prove a slightly more general result (The- 
orem 13. 2p which allows us to show that if X = Z'^ and Xn is the infinite cluster of the Bernoulli 
bond percolation of parameter p„, where pn "— ^ 1 sufficiently fast, then Xs{Xn) "^-^^^ Xs{X) almost 
surely with respect to the percolation probability space (Section [7]). 

Second we consider BRWs where at most m individuals per site are allowed (thus taking values 
in {0, 1, . . . ,m}-^). We call this process BRWm and denote it by {r]Y^}t>o- Note that if m = 1 
we get the contact process (indeed the BRWm is sometimes referred to as a "multitype contact 
process" - see for instance [l8]). It is easily seen that for all fixed t we have "^^^^ almost 
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surely (see for instance where the authors suggest this hmit as a way to contruct the BRW). 
Clearly, for all m > 1, one may consider the critical parameters and A^ defined as in (jl.ip with 

in place of 7]t. One of the main questions we investigate in this paper is whether A™ "!z^ 
and A^ "J;::^ ^^j. knowledge this was still unknown even for the case where X = 'Z'^ with /i 

transition matrix of the simple random walk. 

Here is a brief outline of the paper. In Section [2] we state the basic terminology and assumptions 
needed in the sequel. Section [3] is devoted to the spatial approximation of the strong critical 
parameter A^ by finite or infinite sets (see Theorems 13.11 and 13.21 respectively) . We note that results 
on the spatial approximation, in the special case when X = and /x is the transition matrix of the 
simple random walk, were obtained in [17J using a different approach. In Section H] we introduce 
the technique we use to prove convergence of the critical parameters of the BRWm • The technique 
is essentially a suitable coupling with a supercritical bond percolation: this kind of comparison 
has been widely used in the literature, see for instance [6], |Tj, [22], [21] and [7]. Nevertheless the 
coupling here is quite tricky, therefore we describe it in four steps which can be adapted to different 
graphs. In Section Owe prove that A^ converges to A^ under some assumptions of self-similarity of 
the graph (Theorem 15. 6p . As a corollary, we have A^ for Jj^ with the simple random walk. 

The same approach is used in Section [6] to prove the convergence of the sequence to A^; when 
X = Z'^ (see Theorem 16.11 and Corollary 16. 2^ and Remark 16.31 for a slightly more general class of 
graphs) or when X is a homogeneous tree (Theorem 16. 4p . The results of Section [3] are applied in 
Section [7] in order to study the strong critical parameter of a BRW restricted to a random subgraph 
generated by a Bernoulli bond percolation process. Section [8] is devoted to final remarks and open 
questions. 

2. Terminology and assumptions 

In this section we state our assumptions on the graph (X, /i); we also recall the description of 
the BRW through its generator and the associated semigroup, and discuss the values of \w and A^. 

Given the (weighted) graph (X, /i), the degree of a vertex x, deg(x) is the cardinality of the set 
{y G X : X ^ y}; we require that (X, /u) is with bounded geometry, that is sup^.^^^^ deg(x) < +oo. 
Moreover we consider (X, /i) connected, which by our definition of /x (recall that fi(x,y) > if and 
only if (x,y) G 'f(X)) is equivalent to y) > for some n = n{x,y), where is the n-th 

power of the matrix fi. When {fj,{x,y))x^y is stochastic (i.e. k{x) = 1 for all x £ X), in order to 
stress this property we use the notation P, p{x, y) and p^^\x, y) instead of /x, /i(x, y) and /x("^(x, y). 
Define d{x,y) = min{n : 3{xj}"^Q,xo = x,x„ = y,Xi a^i+i}; note that this is a true metric on X 
if and only if (X, /x) is non oriented. 

We need to define the product of two graphs (in our paper these will be space/time products): 
given two graphs (X, £^(X)), {¥,£{¥)) we denote by (X, £^(X)) x {¥,£{¥)) the weighted graph 
with set of vertices X x¥ and set of edges £ = {((x, y), (xi, x/i)) : (x,xi) G £{X),{y,yi) G 
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Figure 1: X y.Y {X = Y = Z). 



Figure 2: XDY {X = Y = Z). 



£(y)} (in Figure [T] we draw the connected component of Z x Z containing (0,0)). Besides, by 
(X, iS(X))n(y, iS(y)) we mean the graph with the same vertex set as before and vertices £ = 
{((x,y), (xi,yi)) : {x,xi) G £{X),y = yi} U {{{x,y), (xi,yi)) : x = xi, {y,yi) G £{Y)} (see Figure 

ED. 

Let {/?i}t>o be the branching random walk on X with parameter A, associated to the weight 
function /j.: the configuration space is N"'^ and its generator is 

where d^f{ri) := f{r] it 6x) — fiv)- Analogously the generator of the BRWm {f?r}t>o is 

^mfiri) := ^r?(x)(5-/(r?) + A^ M^,y)l[o,™„i](r?(y))a+/(7?)), (2.3) 
xex yex 

Note that the configuration space is still (though one may consider {0,1,... ,111}-^ as well). 
The semigroup St is defined as Stf{r}) := W^{f{r]t)), where / is any function on fi^ such that the 
expected value is defined. 

The strong and weak survival critical parameters of the BRW clearly depend on the weighted 
graph {X,fi); we denote them by Xs{X,fj,) and Xw{X,fi) (or simply by Xs{X) and Xw{X) or 
and A^). Analogously we denote by A™(X, /i) and A™(X, /i) (or simply by A™(X) and A™(X) or 
A™ and A™) the critical parameters of the BRWm on [X,^). It is known (see for instance [3j and 
[l]) that As = := l/limsup„ a/ fi^"^{x, y) (which is easily seen to be independent oi x,y ^ X 
since the graph is connected). On the other hand the explicit value of Xw is not known in general. 
Nevertheless in many cases it is possible to prove that A^, = l/limsup„ \jY^y^x y) (see [3] 

and [3|). In particular if k{x) = K for all a; G X then Xw = ^/K] thus if {^{x,y))x,y is a stochastic 
matrix then A^ = 1. 

The two critical parameters coincide (i.e. there is no pure weak phase) in many cases: if X is 
finite, or, when /i = P is stochastic, if i? = 1. Here are two sufficient conditions for R = 1 (when 
fi = P is stochastic): 
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(1) {X, P) is the simple random walk on a non-oriented graph and the ball of radius n and 
center x has subexponential growth ( ^\Bn{x)\ — > 1 as n ^ oo). 

Indeed for any reversible random walk the following universal lower bound holds 

(see [3 Lemma 6.2]) where t; is a reversibility measure. If P is the simple random walk 
then V is the counting measure and the claim follows. 

An explicit example is the simple random walk on or on d-dimensional combs (see 
Section 2.21] for the definition of comb). 

(2) {X,P) is a symmetric, irreducible random walk on an amenable group (see [24j). 

3. Spatial approximation 

In this section we consider spatial truncations of the BRW. We say that {X, fi) is quasi-transitive 
if there exists a finite partition of X such that for all couples (x, y) in the same class there exists 
a bijection 7 on X satisfying 7(x) = y and, for all a,b £ X, /u(7(a), 7(6)) = n{a,b) (when the 
last condition holds we say that fx is 7-invariant). In particular if fi(x,y) = p{x,y) where P is the 
simple random walk on X then it is 7-invariant for any automorphism 7. 

In Lemma 13.11 and Theorem 13.21 {Xn}n&n will be a sequence of finite subsets of X such that 
^ ^n+i and U^i -^n = X] we denote by „^ the truncation matrix defined by „/i := /t^|x„xx„- 
We define ^i?^ := l/limsup^^o^ {/„^W(x,y). 

Lemma 3.1. Let {Xn}neN be such that {Xn, n^) is connected for all n. Then nPfi > n+iRfi for 
all n and when X„ C X„_|_i we have > n+i-^^t- Moreover i R^- 

Proof. This is essentially Theorem 6.8 of |20] . □ 

The next result is a generalization of this lemma and it goes beyond the pure spatial approxi- 
mation by finite subsets. 

Theorem 3.2. Let {{Yn, fj,n)}neN be a sequence of connected weighted graphs and let {Xn}neN be 
such that Yn 5 X„. Let us suppose that fin{x,y) < fi{x,y) for a// n G N, x,y £Yn and /i„(x,y) — > 
fi{x, y) for all x,y £ X. If (X„, „/i) is connected for every n G N then \s{Yn, Hn) > As(X, n) and 
As (y„ , /x„ ) As (X, ^) . 

Proof We note that, for all finite A G X, eventually A C Y^. Hence fj,n{x,y) is well-defined for 
all sufficiently large n. By Lemma 13.11 for any e > there exists no such that, for all n > no, 
As(X„, „(u) = < R^ + e/2 = \s{X,pl) +£/2. Define pn = Mn|x„oxX„o- Since X„(, is finite and 
Pn noP then Xs{XnQ,pn) ^ As(X„o, „o/i). Indeed As(X„Q,p„) and As(X„o, nofJ-) are the Perron- 

Frobenius eigenvalues of pn and respectively and, by construction, for any 6 > 0, eventually 
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(1 - 5)nofJ' < Pn < noP- If we define ni > no such that Xs{Xno,Pn) < Xsi^no, mP) + e/2 for aU 
n > ni then 

holds for all n > ni. □ 

A simple situation where the previous theorem applies, is the non-oriented case (/i(x, y) > if 
and only if x) > 0) where Xn = Yn is the ball of radius n with center at a fixed vertex xq of 
X. 

Remark 3.3. IfYn is finite for all n, then \w{Yn) = \s{Yn), hence \w{Yn) Xw{X) if and only 

if xux) = Xs{x). 

4. The comparison with an oriented percolation 

Prom now on, we suppose that X is countable (otherwise AJ^ = A" = +oo). First of all, we need 
a coupling between {r]t}t>o and {'r]t^}t>o- think of {??™}t>o as obtained from {r]t}t>o by removing 
all the births which cause more than m particles to live on the same site. Then we need two other 
coupled processes. Fix no G N and let {f]t}t>o be the process obtained from the BRW {r]t}t>o by 
removing all n-th generation particles, with n > no. Analogously, define {??™}t>o from {f?j"}t>o- 
Clearly, "qt > fjt, rjt > r/™, r/J" > f/™ and fjt > vj^ for all t > 0. Note that, by construction, the 
progenies of a given particle in {fit}t>o or {?/™}t>o lives at a distance from the ancestor not larger 
than no (and the processes go extinct almost surely). 

Our proofs of the convergence of A^ and A™ are essentially divided in the following four steps. 

Step 1. Fix a graph such that the Bernoulli percolation on x N has two phases 

(where we denote by N the oriented graph on N, that is, {i,j) is an edge if and only if j = i -\- 1). 

Note that since the (oriented) Bernoulli bond percolation on Z x N and N x N has two phases, 
it is enough to find a copy of the graph Z or N as a subgraph of /. This is true for instance for any 
infinite non-oriented graph (in this paper, we choose either / = Z, or / = N, or / = X). Figures [3] 
and m respectively show the components of the products Z x N and N x N containing all the vertices 
y such that there exists a path from (0, 0) to y. 

Step 2. For all \ > \yj (or X > Xs ) and for every e > there exists a collection of disjoint sets 
{Ai}i^l (Ai C X for all i £ I), t > 0, and /c G N, such that, for all i £ I , 

Vi : {i,j) E mix) >k\rio = ri)>'^-£, (4.4) 

for all T] such that YlxeAi ^i^) ~ ^ ^''^^ '?(^) ~ ^ f'^^ x ^ A^. The same holds, for some suitable 
no, for {fit}t>o in place of {r]t}t>o. 



Figure 3: Z X N. 



Figure 4: N X N. 



Step 3. Let X, e, {Ai}i£j, t and k be chosen as in Stepl^ Then for all sufficiently large m, we 
have that for all i €z I, 



Vj : (i, j) G £{!), ^ r/f (x) > k = t^) > 1 - 2e, 



(4.5) 



for all r] such that Y2xeA vi^) — vi^) — foi" o-H x ^ Ai. The same holds, for some suitable hq, 
for {f]Y'}t>o in place of {r]Y'}t>o- 

Step [3] is a direct consequence of Step[2l Indeed let Nt be the total number of particles ever born 
in the BRW (starting from the configuration r]) before time t; it is clear that Nt is a process bounded 
above by a branching process with birth rate KX, death rate and starting with k particles. If 
Nq < +00 almost surely then for all t > we have Nt < +oo almost surely; hence for all t > and 
e > there exists n{t, e) such that, for all i £ I, 

Nt < n{t, e) 



r]o = v) > 1 - e, 

for all r] such that Y2xeAi vi^) = r]{x) = for all x Ai. Define n = n{t,e). We note that for 



any event A such that P ( A 



Vo = v] > 1 — e we have 



(4.6) 



P(-4 Nt<n,7]o = rij > F (^A, Nt < n rjo = r]j > 1 - 2s. 

Choose m> n: then r]t = rj^ for all t < t on {Nt < n} = CltKti^t < n}. Thus, and (jO]) 

imply (j4.5p . The claim for 77™ is proven analogously. 

Step 4. For all X > X^ (or X > Xs ) and for every e > 0, for all sufficiently large m, there exists a 
one-dependent oriented percolation on / x N (with probability 1 — 2s of opening all edges) such that 
the probability of survival of the BRWm is larger than the probability that there exists an infinite 
cluster containing (ioiO). 

In order to prove Step fusing Step El we need another auxiliary process, namely {r]t}t>o defined 
from f]t suppressing all newborns after that the n-th particle is born. If m > n, then rjt < r/™ < r/™ 
for all t > 0, and for all t <t, rjt = fjt^ on {Ni < n}. 



Consider an edge {{i,n), (j,n + l)) in x N: let it be open if r/J" has at least k individuals 

in Ai at time ni and in Aj at time (n + l)t. Thus the probability of weak survival of r/™ is 
bounded from below by the probability that there exists an infinite cluster containing (zq, 0) in this 
percolation on / x N, and, if vljQ is finite, the probability of strong survival is bounded from below 
by the probability that the cluster contains infinitely many points in {{iQ,l) : I £ N} (we suppose 
that we start with k particles in Ai^). Let z^i be the associated percolation measure. Unfortunately 
this percolation is neither independent nor one-dependent: indeed edges n + 1)) and 

((ii,ni), (ji,ni + 1)) can be considered independent if n 7^ ni, but may be dependent if n = ni. 
In fact the opening procedure of the edges {{i,n), {j,n + 1)) and (ji,n + 1)) may depend 

respectively on two different progenies of particles overlapping on a vertex xq. This may cause 
dependence since if in xq there are already m particles newborns are not allowed. 

To avoid this difficulty we will choose m sufficiently large and consider another percolation on 
I X N. Let rjif^^t (constructed from rjt with the usual removal rules) start with k particles in Ai^: we 
open all edges (io, 0) — > {j, 1) if 77^^ f has at least k particles in Aj. 

Let n = 1: for all j such that rj^g ^ has at least k particles in Aj we start again a process {Vj,t}t>o 
with initial configuration given by k particles in Aj (chosen among those ffi^ f had there) and 
zero elsewhere. Note that the are independent. With a slight abuse of notation we define 

rjt := Y2j Vj.t-t ^or all t G {i, 2t\. Choosing m sufficiently large we have that rjt < r/J" < Indeed 
it is enough to choose m > 2nH, where H £ N is the supremum over x of the number of paths of 
length no which contain a fixed vertex x; H is finite since {X, fi) is with bounded geometry. 

We iterate the construction for all n, obtaining a percolation 1^2 such that ui > U2. Observe 
that V2 is one-dependent since the set of open edges from (z, n) depends only on the progenies of 
the k particles in Ai alive in Ai at time ni (hence on rji^t, which are independent). Finally, by 
equation ()4.6p . the probability of opening all edges is at least 1 — 2e. 

We note that the trick is to fix a suitable (/,<?(/)) and prove Step [2] for all A > A^: then by 
Steps m and [H for all sufficiently large m, the A-BRWm survives with positive probability and we 
deduce that \^ Qn the other hand, to show that A™ -^g need to prove Step [2] 

with a choice of at least one Ai finite, say Ai^, and / containing a copy of Z or N as a subgraph. 
Indeed the infinite open cluster in a supercritical Bernoulli bond percolation in Z x N or N x N with 
probability 1 has an infinite intersection with the set {(0, n) : n G N}. As a consequence, in the 
supercritical case we have, with positive probability, an infinite open cluster in Z x N (resp. N x N) 
which contains the origin (0, 0) and infinite vertices of the set {(0, n) : n > 0}. This (again by Steps 
[3] and HI) implies that, with positive probability, the A-BRWm, starting with k particles in Ai^ has 
particles alive in at arbitrarily large times. Being Ai^ finite yields the conclusion. 
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Remark 4.1. The previous set of steps represents the skeleton of the proofs of Theorems \ 5.6] and 
6.4\ In Theorem \6. l\ we need a generalization of this approach. We sketch here the main differences. 
We choose an oriented graph {W,£{W)) and a family of subsets of X, {^(i,n)}(i,n)eH/ such that 

• W is a subset of the set Z x N (note that this is an inclusion between sets not between 
graphs); 

• for all n £ N we have that {^(i.„)}i:(i,n)gvF ^-^ collection of disjoint subsets of X; 

• (i, n) (j, m) implies m = n + 1. 

The analog of Step [H is the following: for all sufficiently large A (for instance \ > Xg or X > Xw) 
and for every e > 0, there exists t > and A; G N, such that, for all n G f^, i G TL, and for all r\ 
such that ExGA(,,„) V = k, 

Vj : {i, n) {j, n + 1), ^ V{n+i)t{x) > k 

Step is the same as before and the percolation described in Step [7] now concerns the graph 
{W,£iW)) (instead of {I,£{I)) x N as it was before). 

5. Approximation of A^ by A™ 

We choose the initial configuration as So (where o is a fixed vertex in X) and we first study the 
expected value of the number of individuals in one site at some time, that is W.^°{rit{x)). This is 
done using the semigroup St, indeed if we define the evaluation maps Cxir]) := '^{x) for any r/ G 
and X G X, then W^{rit{x)) = Stex{rj). 

By standard theorems (see [8], or, since is not locally compact, [H] and [2]), 

d 



Vnt = v] > 1 - £• 



t=to 



from which we deduce 

dt 



^^\m{x)) = -E^r^tix)) + XJ2 x)E^{Vt{z)). (5.7) 



It is not difficult to verify that 

(At)" 



E'^o(r,t{x)) = V^W(xo,x)^^e-*. (5.8) 



n! 

n=0 



Remark 5.1. For all x, xq G X , for all X > and n gN, 

E'^o(r/„(x)) (xo,x)^e-"~^(")(xo, x)- 



n\ V2vrn 
and the same inequality holds, if uq > n, with fjn in place ofrjn. 

Depending on A, we may characterize the behaviour of the expected number of descendants at 
a fixed site. 
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Lemma 5.2. Let us fix x ^ X. If X < then limj^_|_oo E'^^o (r;^(a;)) = 0; if \ > then 
limt^+oolE''"o(??t(a;)) = +00. 

Proof. Let A < For all e > there exists uq such that ix^'^\xq,x) < i/{Rfj. — e)" for all 

n > no. If e = {R^ - A)/2 then X''n^"'\xo,x) < (7^^)" for all n > no, hence E^^o{r]t{x)) < 
Q{t)e~* + e^*(-^''^''*)/(^'^+-'') — > as t ^ 00 (Q is a polynomial of degree at most no — 1). 
Let A > R^. If A;,r G N are such that ^jS-^\xq,x) > and fi^^^\x,x) > for alH G N then 

00 

E^^o(r]t{x)) > //('=)(xo,x)e~*^/x(^'')(x,x)(Atr+V(ri + A;)! 

1=0 

Let us define a„ := fi^'"'^\x,x); clearly Un+m > o,nO'm and R^ = l/lim„_^(X) "^^/a^ (since {a„}„gN is 
supermultiplicative then the limit exists). 

We prove now that for any nonnegative, supermultiplicative sequence {flnlneNj if A > R^ then 

-t ^ (xty^+'' 

lim e > Qi- — = +00. 

t-^oo ^ (ir + k)\ 

Indeed, let no be such that > 2™o(ii: + A)-™o and define /(t) := e"* ^,^0 ai(Atr+V(«r + A;)!. 
Clearly 

(\U\inor+k 



V 2 ; £;((mor 



. (inor + A;)! 

1=0 

where A' = 2A/(i? + A) > 1. For alH G N we have that 

{inor + k)\ (mor + A; + l)! (mor + A; + no? — 1)! ~ (mor + A;)! A't — 1 

thus 

_,fR + X\^ X't-1 ^(X'ty 



f{t)>e I ^/i)nor _ 1 



i=« 

exponentially if t ^ cxd (since A' > 1). □ 

In the following lemma we prove that, when A > R^, if at time we have one individual at each 
of / sites xi, . . . ,xi, then, given any choice of I sites yi, . . . ,yi, after some time the expected number 
of descendants in yi of the individual in Xi exceeds 1 for alH = 1, . . . , L 



Lemma 5.3. Let us consider a finite set of couples {(a^j, 2/j)}j=0'' "^f ^ > then there exists 

yj)) > l,yj = 0,1,..., I. Moreover, E^^^ {f)t{yj) 



t = t(A) > such that E^^^i {-qtiUj)) > 1; Vj = 0,1,...,/. Moreover, E^^^i {r]t{yj)) > 1 when no is 



sufficiently large. 

Proof. Since (X, n) is connected there exist {kj,qj}j=i,...,i such that, for all j = 1, . . . , Z and n G N, 

^(n+fe,+9,)(^.^y.) > ;x(*^.)(x,.,Xo)/xH(;^o,yo)^fe)(yO,y,) 

and n^''^\xj,xo)i^^i^\yo,yj) > 0. 
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If a := minj=i_...^i{;u('':')(xj,Xo)/ufe)(yo,yj)} and {nJigN is such that hnij^+oo V/^^^'H^^o, yo) = 
then for ah j = 1, . . . , / and for all i (consider t = Ui and the term with n = rii + kj + qj in 
the sum ([53])) 

"'^ ^ ^ (rii + fej + 

-'^ ^ "'^"^ (i + A:^. + 

Note that the latter term goes to infinity exponentially as i ^ +00 (A > i?^ > 1). Since we have a 
finite number of sequences, there exists io > 1 such that E'^^'j (t/„^^^ {Vj)) > li^i = 0,1, ... ,1. Choose 
— riig to conclude. The claim for r] follows choosing uq — n^,, + maxj{kj + qj}. □ 

So far we got results on the expected number of individuals, now we show that, when A > R^, for 
all sufficiently large G N, given k particles in a site x at time 0, "typically" (i.e. with arbitrarily 
large probability) after some time we will have at least k individuals in each site of a fixed finite 
set Y. Analogously, starting with I colonies of size k (in sites xi, . . . ,xi respectively), each of them 
will, after a sufficiently long time, spread at least k descendants in every site of a corresponding 
(finite) set of sites Yi. 

Lemma 5.4. Suppose that A > i?^. 

(1) Let us fix X ^ X, Y a finite subset of X and e > 0. Then there exists t = t{\,x) > 
(independent of e), k{e,x,Y, X) such that, for all k > k{e,x,Y, X), 

f] ivtiy) > k) r]o{x) = k\ >l-e. 
yyeY J 

The claim holds also with {fit}t>o place of {'r]t}t>o when uq is sufficiently large. 

(2) Let us fix a finite set of vertices {a;j}j=i_.,,^m, a collection of finite sets {li}i=i,...,i of vertices 
of X and e > 0. Then there exists t = t{X, {xi}, {Yi}) (independent of e), k{e, {xi}, {Yi}, A) 
such that, for all i = 1, . . . ,1 and k > k{e, {xi}, {Yi}, A), 

P( [^{r]t{y)>k)\no{xi) = k\ >l-e. 

The claim holds also with {fit}t>o place of {'r]t}t>o when uq is sufficiently large. 

Proof. 

(1) If we denote by {S,t}t the branching process starting from ^0 = then, by Lemma 15.31 we 

can choose t such that E^^(^j(y)) > 1 for all y ^ Y. We can write rjtiy) = Yl^=i^t,j{y) 
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where ^t,j{y) denotes the number of descendants in y of the j-th initial particle; note that 
{^ij(y)}jeN is an iid family with E(^tj(y)) = IE''"(6(2/)) and \ai{it,j{y)) =■ cr^y. Since it,j 
is stochastically dominated by a continuous time branching process with birth rate A, it 
is clear that a^y < +00. Thus by the Central Limit Theorem, given any 5 > 0, if /c is 
sufficiently large, 

6> F \Y,kjiy)>z \ -1 + $ 



Vk(Tt,y 

uniformly with respect to z G M. Whence there exists k{6,x,y) such that, for all k > 
k{6,x,y), 

1-E^^{7]t{y)y 



'{vt{y)>k) >l-^i^ 



5 > 1-26, 



since Vk{l — K^"^ {r]t{y)) / at^y — > —00 as A: — > +00. Take k{6,x,Y) := maxy^y k{6,x,y) < 
+00, and let D be the cardinality of Y. Hence, for all k > kx, 

P n (^^t^^/) > k)^m{x) = k\ > 1 - 2D6. 
\yeY 

The assertion for fjt follows from Lemma [ 
(2) Let {£,t}t>o be as before and choose t such that E^'"i(^t(y)) > 1 for all y € 1^ and for all 
i = 1, . . . I. According to (1) above we fix ki such that, for all k > ki, 

[^{m{y)>k)\m{xi) = k\ >i-e. 

Take k > maxj=i^...^; ki to conclude. The assertion for fjt follows from Lemma 15.31 

□ 

Remark 5.5. Note that Remark \5.1\ and Lemmas 15.31 and \ 5.4\ can be restated for the process 
{r/™}t>o if m is sufficiently large. 

Theorem 5.6. 

// at least one of the following conditions holds 

(1) (X, 11) is quasi-transitive; 

(2) {X,fj.) is connected and there exists 7 bijection on X such that 

(a) fi is ^-invariant; 

(b) for some xq ^ X we have xq = 7*^x9 if and only if n = 0; 

then 

Mm = A, > lim X"^ > A^. 

m— »+oo m— »+oo 



Moreover if Xg = A^ then A™ A^, 
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Proof. Remember that = i?^. 

(1) Let us collect one vertex from each orbit into the (finite) set {xj}j=i^..._i and let Yi := {y E 
X :xi^ y}. Fix X > R^, I = X, £{I) = {{x,y) : {x,y) e £{X) or {y,x) e £{X)} and 

= {x}- Note that coincides with (X,£{X)) if the latter is non oriented. By 

these choices, Lemma [53] yields Step 2. To prove that the percolation on {I,£{I)) x N has 
two phases (that is, {I,£{I)) is a suitable choice for Step 1) we note that the existence of 
the supercritical phase for the Bernoulli percolation on X x N follows from the fact that the 
graph N is a subgraph of X. Moreover in the supercritical Bernoulli percolation on N x N 
with positive probability the infinite open cluster contains (0, 0) and intersects the y-axis 
infinitely often. Hence by Steps 3 and 4 we have that, for all sufficently large m, A™ < A 
and this yields the result. 

(2) Lemma [O] allows us to fix t such that E^^^ {fit{'yx)) > 1 and E^'^^ {f]t{x)) > 1 whence, by 
Lemma 15.41 for sufficiently large no, 

P (fjii^jx) > k f]Q{x) = > 1 — e and P (j]t{x) > k fjoi'yx) = k^ > 1 — e. 

This implies 

P (r?t(7"x) > k f/o(7""^2;) = A:) > 1 - e and P (^??t(7"-^x) > k f/o(7"x) = k^ >l-s 

for all n E Z since fi is 7-invariant; one more time, Steps 3 and 4 yield A^ < A (for 
sufficiently large m) and the claim (here / = Z and Ai = {7*xo}). 

n 

6. Approximation of A^ by A™ 

From now on we set fi{x, y) = p{x, y) where P is a stochastic matrix. We stress that in this case 
Xw = 1. We are concerned with the question whether A™ I Xy^ = 1 01 not. Under the hypotheses of 
Theorem 15.61 this is the case when the BRW has no pure weak phase (i.e. R = 1). The interesting 
case is i? > 1. Most natural examples are drifting random walks on Z'^ and the simple random 
walk on homogeneous trees. In both cases we show that A™ "^z^ _\^_ 



Theorem 6.1. Let P be a random walk on Z such that p{i,i + 1) = p, pihi ~ ^) = Q ci^d 
p{i, i) = 1 — p — q for all i £ Z. Then limm^+00 = 1 = A^ 



Proof. We consider a, (3 G (0, 1), a < /3 < (1 + a)/2 and write 

(l+a)n/2 

/ 71 \ ■ ■ 

p 



\n—2i+an 



p^^\0,an)= J2 (■ ■ o-^ VV-""(1 

^-^ \i, I — an, n — li + ani 

i=an 

-\Pn, {f3-a)n, {l-2p + a)nj^ ^ V P 'i) 



1 / //-"(I -p- g)^' 



2/3+a 



27rnV/3(/3-a)(l-2/3 + a) \pP{f3 - af-'^il - 2(3 + aY-^P+^ 
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Thus if A > 1, E^o(r/„(an)) is bounded from below by a quantity which is asymptotic to 



(27rn)3/2 y//3(/3-Q)(l-2/? + a) 
where 

Ap/3g/3-a(l_p_g)l-2^+" 



/3/3(/3 - - 2/3 + a)i-2/3+" ' 

Note that — Q^p) = A, thus we may find ai < 02 < /?! < /32 (with /3j < (1 + ai)/2, i = 1,2) 
such that gx{x,y) > 1, for all (a;,?/) G [01,02] x [/9i5/32]- By taking n = n sufficiently large one can 
find three distinct integers di, 6,2 and da such that ain < di < d2 < a2n, Pin < d^ < (32n and 
g\{di/n,d^/n) > 1, / = 1,2. 

By reasoning as in Lemma 15.41 we have that, for all A > 1 and e > 0, there exists t, k = k{e, A) 
such that, for all i G Z, for all no sufficiently large, 

^{m{i + j) > k,j = di,d2\fjo = k6i) >l-e. 

Since k and t are independent of i we have proven the general version of Step 2 as stated in Remark 
[Q (where W = {a{di, 1) + 6(^2, 1) : a, 6 G N}, A(j = {i} and {i, n) (j, n + 1) if and only if 
J — i = di or j — i = ^2 ) . □ 

In view of Corollarv l6.2l and Theorem l6.4l it is useful to introduce the concept of local isomorphism 
which allows to extend some results from Z to more general graphs. Given two weighted graphs 
(X, /i) and (I, z/), we say that a map / : X ^ / is a 7oca7 isomorphism of X on I if for all x G X 

and i G I we have Z]zg/-i(i) -2) = ^{f{x),i)- 

In this case it is clear that, if we consider the partition of X given by where Ai := f~^{i), 

we can easily compute the expected number of particles alive at time t in Ai starting from a single 
particle alive in x at time 

^E';{vtiz))=E'j^-\m) (6.9) 

(where {^t}t>o is a branching random walk on {I,u)), since X]ze/-i(j) fJ-^^H^jz) = i/(")(/(x), i), for 
all n G N. We note that the latter depends only on f{x) and i. As a consequence i?^ > R^- 

Corollary 6.2. If P is a translation invariant random walk on then limjt_^+oo A^ = 1 = A^. 
Proof. Let be a realization of the random walk and = {x G Z"' : x(l) = i}. Note that 

P(Z„+i G Aj\Zn = w) =p{i,j), yw £ Ai, 

where P is a random walk on Z with p = p(0, ei), q = p{0, — ei). Using equation ()6.9p and reasoning 
as in the proof of the previous theorem, we conclude. □ 

Remark 6.3. The argument of the previous corollary may be applied to a more general case: let 
{Y,Q) be a random walk and (Z, P) be as in Theorem \6.1[ Consider Y x Z with transition matrix 
a{I^ X P) + (1 — a){Q X I^), where a G (0,1) and by I we denote the identity matrix (on the 
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superscripted space). Using the projection on the second coordinate one proves that limm_^+oo — 

1 = Xu]- 

Theorem 6.4. // {X, P) is the simple random walk on the homogeneous tree of degree r then 
lirnm^+oo A™ = 1 = Xyj. 

Proof. Fix an end t in X and a root o £ X and define the map h : X ^ Z as the usual height 
(see [21] page 129). Define = h^^{k), k £ Z (these sets are usuahy referred to as horocycles). 
The projection of the simple random walk on X onto Z is a random walk with transition matrix 
P where p{a, a + l) = l — 1/r and p{a, a — 1) = 1/r. Note that for all x G X 

^p(")(x,y)=i5^")(/i(x),A;). 

By using equation (j6.9p and reasoning as in Lemma 15.41 and Theorem 16.11 we have that, for all 
i £N, and some integers di, d2, 

^( f]nix) > k,j = di,d2 fjoix) = rj^ > I - e, 

for all T] such that X^xeA 'n{x) = k and r]{x) = if x ^ Aj, and for all uq sufficiently large. The 
claim follows as in Theorem 16.11 □ 



7. Branching random walks in random environment 

We use the results of Section [3] to prove some properties of the BRW in random environment. 

Let {X,^) be a non-oriented weighted graph. We consider any subgraph (¥.,£{¥)) of {X,£{X)) 
as a weighted subgraph with weight function ]l£-(y)/x. 

Given any p G [0,1] we consider the Bernoulli bond percolation on {X^£{X)) and we define 
the random weighted subgraphs {Y"" ^EiY"")) where Y"" = X and EiY"") is the random set of edges 
resulting from the percolation process. We define XsiY"") := infyig_4 As(^) where A is the random 
collection of all the connected components of Y"'. This corresponds to the critical (strong) parameter 
of a BRW where the initial state is one particle alive at time in every connected component of 

On the other hand, if there exists a nontrivial critical parameter pc for the Bernoulli percolation 
on X then, for all p > pc we denote by (Y'^,£(Y'^)) the infinite cluster and we consider the critical 
(strong) parameter Xs{Y'^). Given a sequence {pnjneN such that pn G [0,1] for all n G N, we 
consider the sequences {Y^}n£N and {Y^}n(^^ as the results of independent Bernoulli percolation 
processes on X with parameters {pn}n€N- 

Here is the main result; we note that, even when X = 'Z'^, we do not require /i to be the simple 
random walk. 



Theorem 7.1. (1) IfT.ni'^-Pn) < +oo then Xs{Y^) A,(X) a.s. 
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(2) 
(3) 
U) 



If {X,fi) is quasi-transitive then Xs{Y"') = Xs{X) a.s. 
IfX = Z'^ and En(l -^^n) < +0°' ^/^en Xs{Y^) A,(Z'^) a.s. 
If X = , /Li is translation invariant and p > pc then XsiV^) = As(Z'^ 



) a.s. 



Proof. 



(1) By using the Borel-Cantelli Lemma, we have that any finite connected subgraph of X 
is eventually contained in a (random) connected component of almost surely (since 
^^(1 — Pn) < +00 for all k G N). Theorem 13.21 vields the conclusion. 

(2) In this case if we take an infinite orbit Xq then, by Borel-Cantelli Lemma, for any m G N, 
with probability 1, Y'^ contains a ball Bm, centered on a vertex z £ Xq and of radius m, 
with all open edges. Since the critical parameter of a ball Xs{Bm) does not depend on 
how we choose its center in Xq, then using Theorem 13.21 we have that Xs{X) < XsiY"") < 
Xs{Bm) Xs{X) as m ^ +oo. 

(3) Note that Pn > Pc eventually, hence Xs{Y^) is well-defined for all sufficiently large n. What 
we need to prove is that, almost surely, any edge is eventually connected to the infinite 
cluster. To this aim we apply the FKG inequality obtaining that the probability of the 
event "the edge {x,y) is open and connected to the infinite cluster Y^" is bigger than 
PnQ{Pn) (where 9{p) is the probability that a fixed vertex x is contained in the infinite 
cluster, when each edge is open with probability p). According to Theorem 8.92 of [9j, 9 
is a differentiable function on [0, 1] hence 1 — pO{p) ~ (1 — p)(l -|- 0'{1)) and this implies 
X^n(^ ~'Prfi{pn)) < +00. The Borel-Cantelli Lemma yields the conclusion. 

(4) It is tedious but essentially straightforward to prove that, for any m G N, with probability 1, 
Y'^ contains an hypercube Qm of side-length m with all open edges; as before. Theorem 13.21 
yields the result. 



At this point the theory of spatial approximation (see Section [3]) is quite complete as far as we are 
concerned with the basic questions on the convergence of the critical parameters. Indeed we proved 
results in this direction (see Theorem 13. 2p for the strong parameter under reasonable assumptions, 
while the question on the weak critical parameter, in the pure spatial approximation by finite 
subsets, is uninteresting (see Remark 13. 3p . It is possible to further investigate the convergence 
of the sequence of weak critical parameters under the hypotheses of Theorem 13.21 by using the 



characterization X^ = l/limsup„ \7 ^^"H^> 2/) which holds in many cases (see [3] and [4] for 



□ 



8. Final remarks 




details). 



16 



As for the approximation of the BRW by BRW^s, we proved that, on quasi-transitive or "self- 
similar" graphs (in the sense of Theorem 15.61 (2)), A™ | as m ^ oo and, if there is no weak 
phase, on Tl^ or on regular trees, A™ | A^ as m ^ oo. Here are some natural questions which, as 
far as we know, are still open: 

• can one get rid of the hypothesis of quasi-transitivity or self-similarity in the case concerning 
the strong critical parameter? 

• when As > A^, is it still true that A™ im^oo ^w, at least for Cayley graphs or on quasi 
transitive graphs? 
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